We study the charged and spin currents on a coordinate dependent noncommutative space.
I. INTRODUCTION
Nontrivial algebras of the coordinate operators in quantum mechanics had been considered to be important in describing the dynamics of physical systems at both low and high energy scale. It was used to describe the non-relativistic dynamics of a charged particle in a strong magnetic field under a perturbation of external electric field [1] . A Lorentz invariant noncommutative space-time was also proposed in Ref. [2, 3] . Even though it was point out that extra dimensions are necessary to preserve the translation symmetries [3] , theoretical studies became increasingly extensive. In Ref.
[2], the commutator between the coordinates is specified by the generators of Lorentz group, and hence its algebra is not closed by only the coordinate operators. Correspondingly, the product of the ordinary functions is twisted, and generally depends on their derivatives. Furthermore, by the uncertainty principle, the nonzero commutators between the coordinate operators implies that there is a minimal length, ℓ G , and hence noncommutative space-time was suggested to regularize the ultraviolet divergences in quantum field theory.
The most extensively studied noncommutative space-time is described by the algebra [X µ , X ν ] = iθ µν , where θ µν a totally anti-symmetric constant tensor [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . The motivation for those works is that in the low energy approximation of string theory, the coordinate operators can be effectively described by the above algebra [23] . Furthermore, it can also appear in the effective theory of quantum gravity [24] [25] [26] [27] . However, due to that θ µν is assumed to constant over the whole space-time, the rotational symmetry is explicitly broken in these effective theory [28, 29] .
Recently, a general form of coordinate-dependent noncommutative algebra was proposed in Ref. [30] ,
where the noncommutative parameter θ = ℓ 2 G ; the dimensionless operator ω µν (X) is defined from physical considerations. Its possible expressions are further restricted by the Jacobi
is the corresponding dimensionless field of the operator ω µν (X) with specified ordering. Rotational properties and twisted interactions of this kind of noncommutative space-time have been studied in Ref. [31] and and Ref. [32] . A more general formulation of the noncommutative space-time has been studied in Ref. [33] . Non-zero components ω 0i can potentially induce non-unitarity problems for a fundamental theory. However, for phenomenological studies formal perturbative expansion is sufficient. For convergence and non-perturbative consequences of the underlying noncommutative space-time, we refer to the Refs. [24, [34] [35] [36] [37] [38] .
In this paper, we study the deformations on the charged and spin currents by the noncommutative algebra (1), which can be realized by using following ⋆-product (up to leading order of the noncommutative parameter θ) [30] ,
We will use this approach to study the noncommutative corrections. Furthermore, the coordinate operators X are required to be self-adjoint with respect to the scalar inner product with multiplication rules defined by the ⋆-product [30] . Similarly, the momentum operators P are also required to be self-adjoint. Under these conditions, the momentum components are commutative with each others, i.e., [P µ , P ν ] = 0. However, the standard Heisenberg algebra is affected, and up to leading order of θ the deformed algebra reads [X
. For a spinor particle with mass m and charge eQ in the external electromagnetic field defined by the vector potential A µ (x), the deformed Dirac equation is given as [30] ,
where the function µ(x) is defined as the measure for square-integrability and satisfies the
The contents of this paper are organized as follows: in Sec.II, we will study the noncommutative corrections on the non-relativistic Hamiltonian for a spinor charged particle under a perturbation of an external electric feild. In Sec.III, based on the extended Drude model, we will calculate the charged and spin dependent electric currents, as well as their corresponding conductivities. Our conclusions are given in the final Sec.IV.
II. SPIN-ORBITAL INTERACTION
In this paper, we will study the noncommutative space-time with the operator ω αβ is given as follows,
where ǫ αβµ is the totally anti-symmetric tensor. In this case the function µ(x) = 1 [30] . As a result, the deformed Dirac equation reduce to
Up to leading order of the noncommutative parameter, the deformed Dirac equation equation
can be written as,
As expected the additional interaction depends on the momentum of the charged particle, and hence non-local. In next section, we will study the non commutative corrections on the spin-orbital interaction.
To study its non-relativistic charged and spin current, we take the non-relativistic approximation of the equation (5) to obtain the corresponding minimal and spin-orbital interactions.
It is well known that the approxiamtion can be addressed by using the Foldy-Wouthuysen unitary transformation [39] , which block diagonalizes the Dirac Hamiltonian by separating the positive and negative energy part of its spectrum.
We will study the charged and spin currents generated by external electric field via the minimal and spin-orbital interactions, respectively, hence the corresponding Dirac Hamiltonian of (6) is,
where β = γ 0 and α i = γ 0 γ i are the Dirac matrices; p = −i ▽ is the canonical momentum operators; U( x, p) is the noncommutative corrected scalar potential and given as follows,
for the noncommutative algebra with ω αβ described by (4), and L is the angular momentum operator.
By the unitary Foldy-Wouthuysen transformation [39] , the nonrelativistic Hamiltonian is given as,
where,
It is easy to get that O 2 = p 2 , and
Here we have neglected the term proportional to ∇× E. Furthermore, the terms proportional to p 2 are also neglected, because their contribution is scaled by the factor √ θE/m which is very small in practice (for example, it is of order 1 only when the external electric field is of order 10 6 V for free electron.). The term proportional to ∇ · E gives a constant shift of the energy in case of that the charged density is a constant (this is our case, see below), and hence is not physical. Under those approximation, the non-relativistic Hamiltonian is
with
One can see that, the noncommutative algebra (1) with ω αβ described by (4), up to leading order of the noncommutative parameter, the Hamiltonian receives only spin-independent noncommutative correction. The additional term depends on the angular momentum of the matter particle. We will study the charged and spin currents, as well as their conductivities in next section.
III. SPIN CURRENT AND SPIN-HALL CONDUCTIVITY
In this section we will calculate both the charged and spin currents by using the extended Drude model [40] . In this method the spin degree of freedom comes into play of the dynamics of charge carriers through the spin-orbital interaction, and hence both the charged and spin currents are derived in an universal way. For the Hamiltonian (14), Heisenberg algebra for the canonically conjugated variables p and x giveṡ
From (15) we have,
and hence˙
Substituting (17) and (18) into (16), one can get the dynamical equation of the canonical variable x, which has the form of Newton's second law for charge carriers,
Here the ordinary Lorentz force F e = e E receives a contribution from noncommutative correction
and a spin-dependent force
which is generated by the ordinary spin-orbital interaction,
To solve the equation (19), the velocity relaxation time τ must be given experimentally.
We assume that to the first approximation the velocity relaxation time τ of charge carriers is independent of σ. Because of relative smallness of the spin-dependent force, we can treat F σ as a perturbation. The solution of (19) can be written in the forṁ
Here˙ x e is the leading order solution that is given by the ordinary Drude model [40] as,
For the second term˙ x θ , which stands for the noncommutative correction, is proportional to the normal vector of the plane expanded by the electric field and the momenta along the constrained direction. Denote the unite vector in the constrained direction as n, and assume that the charged particle is constrained in this direction with a length scale ℓ z , then one can
where we have used the relation ℓ G = √ θ. We can see that the noncommutative correction is direction-dependent, we will discuss this property latter. Finally, the spin-dependent contribution is given as
The right-hand side of (25) contains the volume average of electrostatic crystal potential
. Furthermore, for a macroscopic system the total electric potential V ( x) is the sum of external electric potential V 0 ( x) and the lattice electric potential V 1 ( x). For a cubic lattice, the only invariant permitted by symmetry is [40] ,
where χ is a constant which has been determined in Ref. [40] . Then we have
The density matrix of the charge carriers in the spin space can be written as,
where ρ is the total concentration of charges carrying the electric current; λ is the vector of spin polarization of the electron fluid. The total current is given by expectation value of the product between the density matrix and the velocity,
Here the corresponding Hall conductivity is given by
where 
IV. CONCLUSION
In summary, the influences of a coordinate dependent noncommutative space on the charged and spin currents have been studied. Our results are obtained in non-relativistic limit by using the extended Drude model in Ref. [40] . The non-relativistic approximation are obtained by using the Foldy-Wouthuysen transformation, which gives general information on the nonrelativistic dynamics of the spin-1/2 particle. In case of that the noncommutativity of space is coordinate dependent, the leading correction in the Hamiltonian is a term proportional to the angular momentum of the charged particle, and independent of its spin. Therefore, only the charged current receive nontrivial contribution. The Hall conductivity receives corrections in its off-diagonal elements, while its diagonal elements remain invariant. Therefore, the coordinate dependent noncommutativity of the space-time can be experimentally investigated by measuring the off-diagonal elements of the Hall conductivity. 
